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Abstract

The nature of the theoretical stress concentrations in the
vicinities of the loaded areas of samples subjected to the
uniaxial tensile strength test is considered. Results from
numerical calculations with the finite element method are
compared with experimental data from strain gauge measure-
ments. The results are discussed in connection with strength
measurements on rock materials.



Introduction

The problem of two joined dissimilar elastic semistrips under tension
was first solved by Iyengar and Alwar who expanded the Airy stress
function in infinite series for both semistrips |1, 2|. The coefficients
of the expansions were determined from the boundary conditions of the
semistrips and from the continuity conditions for the joint. This conti-
nuity demands that both the displacements of the joint as well as the
normal and shear stresses in the joint surface are continuous functions
from one material to the other.

To obtain numerical results the infinite series must be truncated after
some finite number of terms. Some of the coefficients in the expansions
are obtained as integrals which must be evaluated numerically; the num-
ber of integrals to be determined increases rapidly with the number of
terms. As an example the truncation after 4 terms leads to the numerical
evaluation of 52 integrals. Obviously there is a risk that the final
numerical results may suffer considerably from the inevitable errors
that the intermediary numerical approximations will introduce. Unfortu-
nately, there appears to be no analytic way of estimating the numerical
errors in the final results.

Recently Bogy solved the same problem using an entirely different mathe-
matical method with singular integral equations |3|. Bogy does not make
reference to |1, 2| and accordingly the details of the two solutions
have not been compared earlier. For instance, there is a qualitatively
striking difference between the results for the shear stress in the
joint surface. This stress is of course antisymmetric around the center
of the joint surface. In Bogy's solution it increases monotonically
from zero at the center to infinity at the boundary of the compound
strip. In the solution of Iyengar and Alwar it behaves similarly at

the center but has an extreme value before the boundary of the strip

is reached; at the boundary the shear stress has decreased to zero.

Thus the solution of Iyengar and Alwar yields a shear stress in the

joint surface that everywhere and especially at the boundary is compat-
ible with a basic requirement of the theory of elasticity, namely that
the stress tensor shall be symmetric; in other words the shear stresses



on two orthogonal surfaces through a point shall be equal. Since the

shear stress on the boundary is zero the stress tensor symmetry seems

to require a joint shear stress that is zero at the boundary.

However, below some simple analytical results will be used to show
that the stress tensor symmetry must be expected to be violated at
the edge points of the boundary between the two materials, that is

in agreement with Bogy's results. Furthermore, two-dimensional nume-

rical calculations with the finite element method have been carried
out yielding in particular the stresses and strains along the boun-
dary between two materials, one of which is almost rigid compared
to the other. Finally, strain gauge measurements along the boundary
between steel and a considerably weaker material are reported and
compared with the numerical results from the finite element method.
The main reason for this investigation was to obtain some quantita-
tive information about the differences between the theoretical two-
dimensional strains and the real three-dimensional strains.

The nature of the shear stress in the joint at the boundary
Consider figure 1 where a compound strip of two dissimilar elastic
materials is tensioned by a stress % at infinity. Young's moduli
and Poisson's ratios for the two materials are E], E2 and Vs Yy
respectively. The problem can be split into two other problems as
shown in the figure. In the first of them, one of the materials is,
apart from the tensile stress o

o along the strip, also subjected to
a tensile stress o across the strip. This stress is chosen so that
the Tateral displacements in the two materials are equal:

o1 = (vy=vaky/Ep) o,

Thus the stress in the joint for this problem is simply the tensile

stress 00 and zero shear stress.

The second problem is accordingly that of the compound strip where

(1)

one material is compressed laterally by the stress aq- Let us temporar-

ily forget that the strip in this second problem is made of two dif-
ferent materials and consider the details of the stress field in the
vicinity of the edge of the load. We will only consider distances



from the edge of the load that are small compared to the width h of
the strip, that is we are studying the problem in figure 2. The sol-
ution of this problem can be found in |4| and is given by:

ncx/c] = - arctan(y/x)-xy/(x2+y2) (2)
wqy/o] = - arctan(y/x)+xy/(x2+y2) (3)
Tyl 91 = yz/(X2+y2) (4)

Here we immediately see that the shear stress Tyy is not symmetric

at the edge of the load, that is for x =y =0. In the Timit (y = 0,
x = 0) along the boundary the shear stress Txy equals zero whereas
the Timit (x = 0, y »0) yields the constant shear stress - 01/ﬂ.

But for any x > 0, however small, also the limit (&, y->0) for Ty
is zero. Since the shear stress behaves like this when the half-plane
y > 0 in figure 2 consists of only one material it is easy to imagine
that the stress field will have a singularity at x =y = 0 when the
halfplane consists of two elastically dissimilar materials perfectly
bonded along the plane x = 0. Thus we arrive at the conclusion that the
analysis of Bogy yields a qualitatively correct behaviour of the
stress field.

A real surface load will not have a "sharp" edge as that in figure 2.
If for instance a surface load is created by a rigid flat indentor
then the edge of this indentor will not be "mathematically" sharp

but have a finite curvature, corresponding to a surface pressure that
continuously decreases to zero at the boundary of the contact area.
Thus there are no irregular points under these circumstances and the
stress tensor is symmetric everywhere. But the irregular points in
the real (but idealized) case to the left in figure 1 cannot be re-
moved by "smoothening" procedures.

Finite element calculations

In order to obtain some quantitative theoretical information a two-
dimensional finite element calculation has been carried out. A joint
between steel, for which E] = 206 GPa and vy = 0.3, and a considerably



weaker material was considered. The Young modulus of the weak material
was chosen to be E2 = 5 GPa and three different Poisson ratios, namely
v, = 0.2, 0.3 and 0.4, were studied. The parameters EZ and v, are quite
representative for certain polymer materials that are commonly used

for model experiments. The homogeneous stress Ty in the two materials
far away from the joint surface was chosen to be 9y = 1 MPa. The finite
element mesh is shown in figure 3. The joint surface is given by x =0,
|y| s h/2. For symmetry reasons the displacements of the nodes along
the x-axis in the y-direction are zero and the calculations can be
restricted to half of the strip, for instance to 0 sy < h/2. The cal-

culations were carried out for plane stress conditions.

The results of the finite element calculations are given in tables 1-3
in terms of the stresses 9> 9y and Ty and the strains e, €y and Exy
in the weak material along the joint surface. Stresses and strains are

of course related by:

E, e = Oy ~Vo0y (5)
E2 €y = 0y=VaOy (6)
E, Sy = (]+\))rx‘y (7)

The singular behaviour at the point (x =0, y = h/2) is evident. In
particular the shear stress t

Xy does not vanish at this point in agree-
ment with Bogy's result.

Experiments

An experimental determination of the strains along a joint surface was
carried out as follows. A thin plate was fabricated from stiff polyure-
thane. The plate thickness was t = 4 mm, the width was h = 160 mm and
the length was 2 h = 320 mm. The plate was attached to two steel plates
of the same thickness and width and the length 200 mm. These plates

had holes through which tensile forces F could be applied to the model
as shown in figure 4.



Table 2: FEM-results for v = 0.3

32 y/h s, Ma o, Ma  t,,Ma 10%c 10° 10° ¢
y Xy y Xy

0 0. 2644 0.9416 0.0000 -3.62 172 0

] 0. 2644 0.9417 0.0099 -3.62 172 5

2 0. 2644 0.942] 0.0200 -3.65 173 10

3 0.2645 0.9426 0.0301 -3.66 173 16

4 0. 2647 0.9434 0.0405 -3.66 173 21

5 0.2648 0.9446 0.0511 -3.72 173 27

6 0.2652 0.9464 0.0623 -3.74 173 32

7 0. 2656 0.9487 0.0739 -3.80 174 38

8 0.2663 0.9520 0.0862 -3.836 174 45

9 0.2672 0.9563 0.0995 -3.94 175 52

10 0.2687 0.9630 0.1137 -4.04 176 59

1 0.2707 0.9722 0.1296 -4.19 178 67

12 0.2746 0.9876 0.1476 -4.34 181 77

13 0.2801 1.010 0.1700 -4.58 185 88

14 0.2919 1.057 0.2028 -5.04 194 105

15 0.3267 1.164 0.2550 ~4.50 213 133

16 0.5743 2.037 0.4393 -7.36 373 228

Stresses and strains in the weak material along

materials.

the joint between the two



Table 3: FEM-results for v = 0.4

32 y/h oy W2 o W3 T, WP 10° e 10° ¢ 100
0 0.3499 0.9280 0.0000 -4.26 158 0

1 0.3499 0.928] 0.0128 -4.27 158 7

2 0. 3500 0.9284 0.0258 -4.27 158 14

3 0.3501 0.9289 0.0389 ~4.29 158 21

4 0.3504 0.9299 0.0522 ~4.31 158 29

5 0. 3506 0.9310 0.0660 -4.36 158 37

6 0.3512 0.9331 0.0803 -4.41 158 45

7 0.3518 0.9355 0.0953 ~4.48 159 53

8 0.3529 0.9393 0.1111 ~4.56 160 62

9 0.3543 0.9442 0.1282 ~4.68 161 72

10 0.3567 0.9520 0.1465 ~4.82 162 82

1 0.3599 0.9624 0.1670 -5.01 164 94

12 0.3663 0.9812 0.1903 -5.24 167 107
13 0.3753 1.008 0.2199 -5.58 172 123
14 0.3944 1.064 0.2646 ~6.24 181 148
15 0. 4498 1.194 0.3358 -5.56 203 188
16 0.9167 2.417 0.5904 -10.02 410 333

Stresses and strains in the weak material along the joint between the two
materials.
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Figure 1: A tensioned joint between two materials with different

elastic properties.
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Figure 2: The edge of a normal surface load on a semi-infinite
plate.
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The finite element mesh used for the tensioned joint
between two materials.
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Figure 4: Schematic drawing of the model used for strain gauge

measurements.



Figure 5: A photograph of the model equipped with strain gauges.
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Figure 6: Experimentally determined strains in the weak material
along the joint.
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